In the framework of the teleparallel equivalent of general relativity, we study the dynamics of a gravitationally coupled electromagnetic field. It is shown that the electromagnetic field is able not only to couple to torsion, but also, through its energy-momentum tensor, to produce torsion. Furthermore, it is shown that the coupling of the electromagnetic field with torsion preserves the local gauge invariance of Maxwell's theory.
I. INTRODUCTION
Since the early days of general relativity, theoretical speculations have discussed the necessity of including torsion in the description of the gravitational interaction. On the other hand, as is widely known, in the framework of Einstein-Cartan theory, [1] the electromagnetic field cannot be coupled to torsion in order to preserve the local gauge invariance. [2] Equivalently, one can say that, in the presence of torsion, the requirement of gauge invariance precludes the existence of a gravitational minimal coupling prescription for the electromagnetic field. [3] To circumvent this problem, it is usually supposed that, in an Einstein-Cartan background, the electromagnetic field can neither produce nor feel torsion. In other words, torsion is assumed to be irrelevant to the Maxwell's equations. [4] It should be remarked that this hypothesis is not valid at a microscopic level since, from a quantum point of view, one may always expect an interaction between photons and torsion. [2] The reason for this is that a photon, perturbatively speaking, can virtually disintegrate into an electron-positron pair, and as these particles are massive fermions which couple to torsion, the photon must necessarily feel the presence of torsion. Consequently, even not interacting directly with torsion, the photon field does feel torsion through the virtual pair produced by the vacuum polarization. However, as all macroscopic phenomena must necessarily have an interpretation based on an average of microscopic phenomena, and taking into account the strictly attractive character of gravitation which eliminates the possibility of a vanishing average, the above result seems to lead to a contradiction because no interaction is usually supposed to exist at the macroscopic level.
Our only concern in this paper will be the macroscopic long-range gravitational interaction. In this context, an important point to be considered is the following: there exists no compelling experimental reasons to include torsion, besides curvature, in the description of the gravitational interaction. Furthermore, in the framework of the teleparallel equivalent of general relativity, [5] despite presenting quite different characteristics, curvature and torsion provide each one a complete description of the gravitational interaction. According to general relativity, curvature is used to geometrize spacetime, and in this way successfully describe the gravitational interaction. Teleparallelism, on the other hand, attributes gravitation to torsion, but in this case torsion accounts for gravitation not by geometrizing the interaction, but by acting as a force. [7] According to this approach, gravitation might present two alternative descriptions in which the relevant dynamical fields are respectively the curvature and torsion tensors. Consequently, as the electromagnetic field is able to couple to curvature, relying upon the alluded equivalence, we can conclude that it should also be able to couple to torsion, even at the macroscopic level.
With the purpose of studying the interaction of Maxwell's field with gravitation, the latter being described by the teleparallel equivalent of general relativity, we assume the scene of this work to be a spacetime manifold on which a nontrivial tetrad field is defined. The context will be that of a gauge theory for the translation group, [6] in which the gravitational field appears as the nontrivial part of the tetrad. [7] We will use the greek alphabet (µ, ν, ρ, · · · = 1, 2, 3, 4) to denote tensor indices, that is, indices related to spacetime. The latin alphabet (a, b, c, · · · = 1, 2, 3, 4) will be used to denote local Lorentz (or tangent space) indices. Of course, being of the same kind, tensor and local Lorentz indices can be changed into each other with the use of a tetrad h a µ , which satisfy
A nontrivial tetrad field induces on spacetime both a metric and a teleparallel structures. In section 2, by emphasizing the role played by the connections, we make a study of these geometric structures, and review the well known result establishing the equivalence between general relativity and a gauge theory for the translation group. In section 3, a minimal coupling prescription is introduced in terms of the Fock-Ivanenko derivative operator, and it is shown how it reduces to the usual covariant derivative of general relativity. Then, for the sake of completeness, Maxwell's theory is briefly described in the framework of general relativity. In section 4, the dynamics of a gravitationally coupled electromagnetic field is described in terms of the teleparallel structure induced in spacetime by the presence of the gravitational field. In this context, a new coupling prescription is introduced, which is a natural consequence of the alluded equivalence between general relativity and a gauge theory for the translation group. Then, we show that, provided this coupling prescription is used, torsion is found not to violate the local gauge symmetry of Maxwell's theory. Furthermore, by considering a system formed by electromagnetic plus gravitational fields, we show that, besides coupling to torsion, the electromagnetic field can also produce torsion. Finally, in section 5, we draw the conclusions of the paper.
II. RIEMANNIAN AND TELEPARALLEL DESCRIPTIONS OF GRAVITATION
Differently from what is usually done, in what follows we will separate the notions of space and connections. From a formal point of view, curvature and torsion are in fact properties of a connection. [8] Strictly speaking, there is no such a thing as curvature or torsion of spacetime, but only curvature or torsion of connections. This becomes evident if we notice that different particles feel different connections, and consequently show distinct trajectories in spacetime. In the specific case of general relativity, it is worth mentioning, universality of gravitation allows the Levi-Civita connection to be interpreted as part of the spacetime definition as all particles and fields feel this connection the same. It seems far wiser, however, to take spacetime simply as a manifold, and connections (with their curvatures and torsions) as additional structures.
Curvature and torsion, therefore, will be considered as properties of connections, and many different connections are allowed to exist on the same space. [9] For example, denoting by η ab the metric tensor of the tangent space, a nontrivial tetrad field can be used to define the riemannian metric
in terms of which the Levi-Civita connection
can be introduced. As is well known, it is metric preserving:
The curvature of the Levi-Civita connection,
according to general relativity, accounts exactly for the gravitational interaction. Owing to the universality of gravitation, which means that all particles feel
• Γ σ µν the same, it turns out possible to describe the gravitational interaction by considering a Riemann spacetime with the curvature of the Levi-Civita connection, in which scalar matter will follow geodesics. This is the framework of Einstein's general relativity, the gravitational interaction being mimicked by a geometrization of spacetime.
A nontrivial tetrad field can also be used to define the zero-curvature linear Cartan connection
with respect to which the tetrad is parallel:
Now, substituting g µν as given by (2) into
where
is the contorsion tensor, with
the torsion of the Cartan connection. If now, analogously to the way the Riemann spacetime was introduced, we introduce a spacetime with the same properties of the Cartan connection Γ σ νµ , we end up with a Weitzenböck spacetime, [10] a space presenting torsion, but no curvature. This is the spacetime underlying the teleparallel description of gravitation. We notice that, if local Lorentz indices are raised and lowered with the Minkowski metric η ab , tensor indices on it will be raised and lowered with the riemannian metric g µν . Universality of gravitation, in this case, means that all particles feel Γ σ νµ the same. The presence of a nontrivial tetrad field, therefore, induces on spacetime both a riemannian and a teleparallel structures. The first is related to the Levi-Civita connection, a connection presenting curvature, but no torsion. The second is related to the Cartan connection, a connection presenting torsion, but no curvature. It is important to notice that there is in this approach no connection presenting simultaneously non-vanishing curvature and torsion.
As already remarked, the curvature of the Cartan connection vanishes identically:
Substituting Γ θ µν as given by Eq.(8), we get
ρµν is the curvature of the Levi-Civita connection, and
with
is a tensor written in terms of the Cartan connection only. Equation (12) has an interesting interpretation: the contribution
• R θ ρµν coming from the Levi-Civita connection compensates exactly the contribution Q θ ρµν coming from the Cartan connection, yielding an identically zero Cartan curvature tensor R θ ρµν . This is a constraint satisfied by the Levi-Civita and Cartan connections, and is the fulcrum of the equivalence between the riemannian and the teleparallel descriptions of gravitation. Now, according to general relativity, the dynamics of the gravitational field is described by a variational principle with the lagrangian
µρν is the scalar curvature of the Levi-Civita connection, and g = det(g µν ). This lagrangian, which depends only on the Levi-Civita connection, can be rewritten in an alternative form depending only on the Cartan connection. In fact, substituting
• R as obtained from (12) , up to divergences, we obtain
where h = det(h a µ ) = √ −g, which is exactly the lagrangian of a gauge theory for the translation group. [7] This means that a translational gauge theory, with a lagrangian quadratic in the torsion field, is completely equivalent to general relativity, with its usual lagrangian linear in the scalar curvature. As a consequence of this equivalence, gravitation will present two equivalent descriptions, one in terms of a metric geometry, and another one in which the underlying geometry is that provided by a teleparallel structure. In what follows, we proceed to describe Maxwell's theory in the framework of each one of these geometries.
III. ELECTROMAGNETIC FIELD IN THE FRAMEWORK OF A RIEMANNIAN GEOMETRY
In Minkowski spacetime, the electromagnetic field is described by the lagrangian density
is the Maxwell field-strength tensor. Variation of the corresponding action in relation to the electromagnetic field A a yields
which along with the identity
constitutes Maxwell's equations. In the Lorentz gauge, ∂ a A a = 0, and equation (19) can be rewritten as
In the framework of general relativity, the form of Maxwell's theory is well known. It can be obtained through the application of the so-called minimal coupling prescription, which amounts to replace
where D µ stands for the Fock-Ivanenko derivative operator, [11] with
the spin connection, and J ab an appropriate representation of the Lorentz group. For the specific case of the (spin 1) electromagnetic vector field A a ,
and D µ acquires the form
It is important to remark that the Fock-Ivanenko derivative is concerned only to the local Lorentz indices. In other words, it ignores the spacetime tensor character of the fields being ignored by it. [12] For example, the Fock-Ivanenko derivative of the tetrad field is
Substituting (24), we get
As a consequence, the total covariant derivative of the tetrad h a ν , that is, a covariant derivative which takes into account both indices of h a ν , vanishes identically:
Now, any Lorentz vector field A a can be transformed into a spacetime vector field A
where A µ transforms as a vector under a general spacetime coordinate transformation. Substituting into equation (26), and making use of (28), we get
We see in this way that the Fock-Ivanenko derivative of a Lorentz vector field A a reduces to the usual Levi-Civita covariant derivative of general relativity. This means that the minimal coupling prescription (23) can be restated as
which is the form usually presented in the literature. [13] Therefore, in terms of the riemannian structure, the Minkowski lagrangian (17) acquires the form
the connection terms canceling due to the symmetry of the Levi-Civita connection in the last two indices. The corresponding Maxwell's equation is
or equivalently, assuming the covariant Lorentz gauge
Analogously, the Bianchi identity (20) can be shown to assume the form
We notice in passing that the presence of curvature does not spoil the gauge invariance of Maxwell theory. Let us now consider the system formed by gravitational plus electromagnetic fields, represented by the lagrangian L = L g + L em , with L g given by (15), and L em by (33). Variation of the corresponding action in relation to the metric g µν yields Einstein's field equation
is the energy-momentum tensor of the electromagnetic field. From these considerations, therefore, we can conclude that, in the framework of general relativity, the electromagnetic field is able to feel as well as to produce curvature.
IV. ELECTROMAGNETIC FIELD IN THE FRAMEWORK OF A TELEPARALLEL GEOMETRY
In the preceding section, we have described Maxwell's theory in terms of the riemannian structure of spacetime. Now, we obtain Maxwell's theory in terms of the teleparallel structure of spacetime. To start with, we notice that, from (7) and (8), we get
Thus, in terms of magnitudes related to the teleparallel structure, the spin connection (24) is written as
We remark that this equation could also be obtained directly from relation (8) by transforming spacetime into algebra indices. It is important to remember, however, that connections transform not covariantly under a basis transformation. [9] For example,
and, denoting by ω a bµ the transformed Cartan connection, we have also
the vanishing of ω a bµ coming from the absolute parallelism condition (7) . We see in this way that (41) has implicitly the zero-connection ω a bµ on its right-hand side, which explains why a connection can apparently be equal to a tensor. The teleparallel version of the minimal coupling prescription, therefore, can be stated as
with D µ standing now for the teleparallel version of the Fock-Ivanenko derivative operator.
In the specific case of the electromagnetic vector field A a , J ab is given by (25), and we get
This is the teleparallel version of the Fock-Ivanenko derivative of a vector field A c . To obtain the corresponding covariant derivative of the spacetime vector field A ν , we substitute
Now, from equation (6) we see that
Consequently, equation (45) acquires the form
is the teleparallel version of the covariant derivative, with
the Cartan covariant derivative. This means that the teleparallel version of the minimal coupling prescription (43) can be restated as
In terms of the teleparallel structure, therefore, the free lagrangian (17) becomes
where now
Using the explicit form of D µ and the definitions of torsion and contorsion tensors, it is an easy task to verify that
which is a gauge invariant tensor. Variation of the corresponding action in relation to the electromagnetic field A µ yields the teleparallel version of the first pair of Maxwell's equation:
Equivalently, assuming the teleparallel Lorentz gauge D µ A µ = 0, and using the commutation relation
where Q µν = Q ρ µρν , with Q ρ µσν given by equation (13), we obtain
On the other hand, by using the same coupling prescription in the Bianchi identity (20), the teleparallel version of the second pair of Maxwell's equation becomes
We see in this way that, in the context of the teleparallel equivalent of general relativity, the electromagnetic field is able to couple to torsion, and that this coupling does not violate the U(1) gauge invariance of Maxwell's theory. Furthermore, using the relation (8), it is easy to verify that the teleparallel version of Maxwell's equations, which are equations written in terms of the Cartan connection only, are completely equivalent to the usual Maxwell's equations in a riemannian background, which are equations written in terms of the LeviCivita connection only.
Let us now consider the system formed by gravitational plus electromagnetic fields, represented by the lagrangian L = L g + L em , with L g given by (16), and L em by (51). Variation of the corresponding action in relation to the tetrad field yields the teleparallel version of Einstein's equations,
where S µ νρ = −S µ ρν is given by
t µ ν is the energy-momentum (pseudo) tensor of the gravitational field, and
is the energy-momentum tensor of the electromagnetic field. In the teleparallel description of gravitation, therefore, besides coupling to torsion in a gauge covariant way, the electromagnetic field, through its energy-momentum tensor, is also able to produce torsion, a point which is not in agreement with the usual belief that only a spin distribution could be the source of torsion.
V. FINAL COMMENTS
A nontrivial tetrad field induces on spacetime both a riemannian and a teleparallel structures. General relativity, a theory formulated in terms of the riemannian structure, is known to be completely equivalent to a gauge theory for the translation group, whose underlying geometry is that provided by the teleparallel structure. We should remark that, as no connection presenting simultaneously non-vanishing curvature and torsion is present in this formalism, no Riemann-Cartan spacetime enters the description of the gravitational interaction.
Using the above approach, we have studied in this paper the coupling of the electromagnetic field with gravitation, the latter being described in terms of the teleparallel structure of spacetime. In terms of the riemannian structure, that is, in the framework of general relativity, the form of Maxwell's theory is well known, and it has been reviewed here for completeness reason. In terms of the teleparallel structure, we have shown that, provided an appropriate coupling prescription is used, the electromagnetic field is able not only to couple to torsion, but also, through its energy-momentum tensor, to produce torsion. Furthermore, we have shown that the coupling of the electromagnetic field with torsion does not violate the local gauge invariance of Maxwell's theory.
The crucial point of our approach is the introduction of the teleparallel coupling prescription (50), which is a natural consequence of the assumed equivalence between general relativity and a gauge theory for the translation group, and which we believe accounts correctly for the coupling between Maxwell's field and torsion. It is not minimal in the usual sense as such a name is currently reserved for couplings of the form
On the other hand, it is just what is needed so that it turns out to be equivalent to the minimal coupling of the riemannian description. In fact, anyone of the versions of Maxwell's equations, the teleparallel or the metric one, can be obtained from each other by using the relation (8) . Finally, it is worth mentioning that the same coupling prescription has been used to study the coupling of a scalar field with both curvature and torsion tensors, showing that this formalism can be consistently applied to other fields as well. [14] 
